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1. Introduction

In this paper, we prove the following theorem.

Theorem. Let M be a von Neumann algebra, and let A be a C∗-algebra.

E-mail address: choi@ms.u-tokyo.ac.jp.

https://doi.org/10.1016/j.jfa.2025.111228
0022-1236/© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC 
BY license (http://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.1016/j.jfa.2025.111228
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2025.111228&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:choi@ms.u-tokyo.ac.jp
https://doi.org/10.1016/j.jfa.2025.111228
http://creativecommons.org/licenses/by/4.0/


2 I. Choi / Journal of Functional Analysis 290 (2026) 111228 

(1) If F is a σ-weakly closed convex hereditary subset of M+, then for any x′ ∈ M+ \F
there exists ω ∈ M+

∗ such that ω(x′) > 1 and ω(x) ≤ 1 for all x ∈ F .
(2) If F∗ is a norm closed convex hereditary subset of M+

∗ , then for any ω′ ∈ M+
∗ \ F∗

there exists x ∈ M+ such that ω′(x) > 1 and ω(x) ≤ 1 for all ω ∈ F∗.
(3) If F is a norm closed convex hereditary subset of A+, then for any a′ ∈ A+ \ F

there exists ω ∈ A∗+ such that ω(a′) > 1 and ω(a) ≤ 1 for all a ∈ F .
(4) If F ∗ is a weakly∗ closed convex hereditary subset of A∗+, then for any ω′ ∈ A∗+\F ∗

there exists a ∈ A+ such that ω′(a) > 1 and ω(a) ≤ 1 for all ω ∈ F ∗.

Recall that a subset F of the positive cone E+ of a partially ordered real vector space 
E is called hereditary if x ∈ F whenever 0 ≤ x ≤ y in E with y ∈ F , or equivalently 
F = (F −E+)+. Here, we use F∗ and F ∗ just for symbolic notations to emphasize that 
they are contained in M∗ and A∗ respectively, so they should not be perceived as a star 
operation of another set F .

The first three parts of the above theorem were originally proved by Uffe Haagerup 
in his master’s thesis [3]. In his monumental paper, he answered Dixmier’s question [2] 
by proving that several conditions for normality of weights on a von Neumann algebra 
are in fact all equivalent, and posed three problems on normal weights, 1.10, 1.11, and 
2.7. Among these, the last one is the problem that asks whether the item (4) holds, and 
the solution to this problem is the main result of this paper. The other two problems are 
also of independent interest and, as far as the author is aware, remain open.

The first part (1) plays a major role in the proof of that σ-weakly lower semi
continuous weight of a von Neumann algebra is given by the pointwise supremum of 
a set of positive normal linear functionals. This is a second half of Dixmier’s problem on 
normal weights. The statements of the above collection of theorems in his original paper 
are written in terms of positive versions of the bipolar theorem F r+r+ = F instead of 
the Hahn-Banach separation theorem as presented above, where the positive polar F r+

can be defined as the positive part of the real polar

F r+ := F r ∩ E∗+ = {x∗ ∈ E∗+ : sup 
x∈F

x∗(x) ≤ 1}

in an ordered real locally convex space E. They are easily checked to be equivalent using 
the usual Hahn-Banach separation theorem.

Although the first three are already known results by Haagerup on the contrary to 
(4), we provide different proofs of them in order to motivate the idea of the proof of (4). 
In more detail, when Haagerup proved (1), he heavily used the σ-strong topology and 
the strong continuity of continuous bounded functions, but such a nice dual topology 
for the dual pair of a von Neumann algebra and its σ-weak dual has no analogue in 
the dual of a C∗-algebra. In this context, we provide a new proof of (1) using only 
the σ-weak topology, and extend the idea to prove (4) within the weak∗ topology. This 
notably simplifies Haagerup’s solution of the Dixmier problem by removing the usage of 
the strong operator topology from the proof of (1). On the other hand, Haagerup used 
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(1) to prove (2), but we will show that the Krein-Šmulian theorem, which is essential in 
the proof of (1) and (4), is not required in (2) by proving it directly. The part (3) is a 
straightforward corollary of (1), and it gives a different proof for the Combes theorem 
[1], the C∗-algebraic counterpart of Dixmier’s problem. See Theorem 1.1.1 in [5] for a 
C∗-algebraic proof of Combes’ theorem. Finally, combining these four results, we can 
also obtain the following correspondences.

Corollary. For a von Neumann algebra M and a C∗-algebra A, there are one-to-one 
correspondences⎧⎪⎨

⎪⎩
normal 

subadditive 
weights on M

⎫⎪⎬
⎪⎭ ↔

⎧⎪⎨
⎪⎩

σ-weakly closed 
convex hereditary 
subsets of M+

⎫⎪⎬
⎪⎭ ↔

⎧⎪⎨
⎪⎩

norm closed 
convex hereditary 
subsets of M+

∗

⎫⎪⎬
⎪⎭

and⎧⎪⎨
⎪⎩

lower semi-continuous 
subadditive 

weights on A

⎫⎪⎬
⎪⎭ ↔

⎧⎪⎨
⎪⎩

norm closed 
convex hereditary 

subsets of A+

⎫⎪⎬
⎪⎭ ↔

⎧⎪⎨
⎪⎩

weakly∗ closed 
convex hereditary 
subsets of A∗+

⎫⎪⎬
⎪⎭

In Section 2, we introduce some preliminaries for the main proofs, most of which are 
well-known. The notations introduced in Section 2 will be repeatedly used in Section 3, 
where we give the proofs of the four positive Hahn-Banach separation theorems.

2. Preliminaries

2.1. Suppression by the one-parameter family of functional calculi

The first step of the proof is the reformulation of the theorem into an inclusion prob
lem. This idea is due to Haagerup. More precisely, we can transform each positive bipolar 
theorem equivalently to a statement of the form (F − E+)+ ⊂ F . In other words, when 
xi is a net in F −E+ convergent to x ≥ 0 in a partially ordered real locally convex space 
E, there is a majorizing net yi ∈ F satisfying xi ≤ yi, we then need to find y ∈ F such 
that x ≤ y in order to deduce x ∈ F with the hereditarity of F . An obstacle of this 
argument is that a net yi has of course no limit points in general. To address this, we 
suppress the net yi to make it bounded with the following one-parameter family of real 
functions.

Definition 2.1. For δ > 0, we define a function fδ : (−δ−1,∞) → R such that

fδ(t) := t(1 + δt)−1, t > −δ−1.

It has many interesting properties such as operator monotonicity and concavity, strong 
convergence to the identity as δ → 0, and the semi-group property in the sense that 



4 I. Choi / Journal of Functional Analysis 290 (2026) 111228 

fδ(fδ′(t)) = fδ+δ′(t) on a suitable domain of t ∈ R. We will only use the operator 
monotonicity and the boundedness from above, given each fixed δ > 0. With these 
functions, for example in the situation of (1), we can suppress the net yi to define a 
bounded net fδ(yi) of positive elements. This net is bounded above by yi ∈ F so that 
fδ(yi) ∈ F by the hereditarity of F , and we can take a σ-weakly convergent subnet to 
get fδ(x) ∈ F from fδ(xi) ≤ fδ(yi) ∈ F by the closedness and the hereditarity of F . 
Then, the limit δ → 0 and the closedness of F will give x ∈ F .

However, when we try to apply this strategy, we encounter two technical issues. One is 
that the net xi should be bounded for the net fδ(xi) to be well-defined for a sufficiently 
small but fixed δ > 0. It can be overcome by Haagerup’s trick involving the Krein
Šmulian theorem. The other is, unlike the σ-strong topology that Haagerup used, that we 
cannot expect the operation of taking functional calculus to be continuous with respect 
to the σ-weak topology. For instance, when a self-adjoint net xi ∈ B(H)sa satisfies an 
assumption −(2δ)−1 ≤ xi for all i and xi → x σ-weakly, it does not necessarily follow 
fδ(xi) → fδ(x) σ-weakly. Our solution is to approximate the functions fδ with a�ine 
functions. The following lemma will be frequently used, and it allows us to approximate 
fδ(x) directly with the σ-weakly convergent net xi instead of fδ(xi), while accompanied 
by small errors.

Lemma 2.2. Let δ > 0 and t ∈ R.

(1) If |t| ≤ 2−1δ−
1
4 and δ ≤ 1, then t ≤ fδ(t) + δ

1
2 .

(2) If t ≥ 0 and c ≥ 0, then fδ(t + c) ≤ fδ(t) + c.
(3) If 0 ≤ t ≤ 1, then (1 + δ)−1t ≤ fδ(t).

Proof. (1) Since δ ≤ 1 < 2 4
3 implies t ≥ −2−1δ−

1
4 > −δ−1, the value fδ(t) is well-defined. 

The inequality is equivalent to δ
1
2 t2 − δt ≤ 1, and it holds for |t| ≤ 2−1δ−

1
4 .

(2) The inequality holds for t = 0, so we can check by differentiation with respect to 
t for fixed c.

(3) It follows from t(1 + δt) ≤ t(1 + δ). □
2.2. Bounded commutant Radon-Nikodym derivatives

In the proofs of (2) and (4), we need to suppress linear functionals instead of opera
tors, so we introduce the notion of Radon-Nikodym derivatives to convert functionals to 
operators as follows.

Definition 2.3. Let M be a von Neumann algebra, and let ψ ∈ M+
∗ . Consider the 

Gelfand-Naimark-Segal representation π : M → B(H) associated to ψ, together with 
the canonical cyclic vector Ω ∈ H. Then, we have a positive bounded linear map 
θ : π(M)′ → M∗ defined such that
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θ(h)(x) := ⟨hπ(x)Ω,Ω⟩, h ∈ π(M)′, x ∈ M.

Although it is not a standard terminology, we will call this linear map θ the (bounded) 
commutant Radon-Nikodym map associated to ψ in this paper.

Let θ be the commutant Radon-Nikodym map associated to ψ ∈ M+
∗ . When M is 

commutative so that π(M) = π(M)′, the inverse map θ−1 assigns to a linear functional 
an operator, which is exactly the Radon-Nikodym derivative with respect to ψ in the 
classical measure-theoretic sense. We include the adjective ``commutant'' to avoid con
fusion with other Radon-Nikodym derivatives in the theory of operator algebras such as 
the one of Takesaki-Pedersen or Connes’ cocycle derivatives. In the proof of (4), we will 
make use of this for the enveloping von Neumann algebra A∗∗ of a C∗-algebra A.

The image of θ associated to ψ is described by

im θ = {ω ∈ M∗ : there is C > 0 such that |ω(x)| ≤ Cψ(x) for all x ∈ M+},

and the Radon-Nikodym derivative θ−1(ω) ∈ π(M)′ of ω ∈ im θ satisfies the bound 
∥θ−1(ω)∥ ≤ C, where C is a constant in the above description of the image of θ. In the 
proof of (2), for a sequence ωn ∈ F∗ − M+

∗ , a single reference functional ψ ∈ M+
∗ is 

constructed such that |ωn(x)| ≤ Cψ(x) for all n and x ∈ M+, however in (4), we take 
ψi ∈ A∗+ depending on the net ωi ∈ F ∗ − A∗+ to have |ωi(a)| ≤ Cψi(a) for all a ∈ A+

and i. The dependence of ψi on i is a key idea of the proof of (4), and we can check this 
dependence is reflected in the definition of the set G∗ in the proof.

Let ω ∈ Msa
∗ . The Jordan decomposition theorem gives a unique pair ω+, ω− ∈ M+

∗ of 
positive normal linear functionals such that ω = ω+ −ω− and ∥ω∥ = ∥ω+∥+ ∥ω−∥. The 
absolute value of ω is defined as [ω] := ω++ω−. Note that we always have |ω(x)| ≤ [ω](x)
for all x ∈ M+, but unless M is commutative, then for ω ∈ Msa

∗ and ψ ∈ M+
∗ we cannot 

expect [ω] ≤ ψ when |ω(x)| ≤ ψ(x) for all x ∈ M+. Note also that when A is a C∗
algebra and ωi is a net in A∗sa, we have ωi+ → 0 in norm if ωi → 0 in norm, but we do 
not have ωi+ → 0 weakly∗ in general if ωi → 0 weakly∗ in A∗. For further details, see 
IV.3 for the commutant Radon-Nikodym map and III.4 for the Jordan decomposition 
theorem in [4].

3. Proofs of theorems

Theorem 3.1. Let M be a von Neumann algebra, and consider the dual pair (Msa,Msa
∗ ). 

If F is a σ-weakly closed convex hereditary subset of M+, then F = F r+r+. Equivalently, 
if x′ ∈ M+ \ F , then there is ω ∈ M+

∗ such that ω(x′) > 1 and ω(x) ≤ 1 for x ∈ F .

Proof. Since the positive polar is represented by the real polar

F r+ = F r ∩M+
∗ = F r ∩ (−M+)r = (F ∪ −M+)r = (F −M+)r,
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the positive bipolar can be written as F r+r+ = (F − M+)rr+ = (F −M+)+ by the 
usual real bipolar theorem, where the closure is for the σ-weak topology. Because F =
(F −M+)+ ⊂ (F −M+)+, it suffices to prove the opposite inclusion (F −M+)+ ⊂ F .

Define

G :=

⎧⎪⎨
⎪⎩x ∈ Msa :

for any sufficiently small δ > 0
there is yδ ∈ F such that 

∥yδ∥ ≤ δ−1 and x ≤ yδ + δ
1
2

⎫⎪⎬
⎪⎭ .

We prove (F −M+)+ ⊂ F via three steps, F −M+ ⊂ G, G+ ⊂ F , and G ⊂ G.
Let x ∈ F − M+, with y ∈ F such that x ≤ y. If we define yδ := fδ(y), then for 

sufficiently small δ > 0 such that ∥x∥ ≤ 2−1δ−
1
4 and δ ≤ 1, we have x ≤ fδ(x) + δ

1
2 ≤

yδ + δ
1
2 , so x ∈ G.

Let x ∈ G+. Take yδ ∈ F such that ∥yδ∥ ≤ δ−1 and x ≤ yδ + δ
1
2 for sufficiently small 

δ. For any δ′ > 0, we have

0 ≤ (1 + δ′∥x∥)−1x ≤ fδ′(x) ≤ fδ′(yδ + δ
1
2 ) ≤ fδ′(yδ) + δ

1
2 .

Since fδ′(yδ) ∈ F is bounded for fixed δ′, by considering the limit along a cofinal ultra
filter on the set of δ, we have (1 + δ′∥x∥)−1x ∈ F , so the limit δ′ → 0 gives x ∈ F .

Now it suffices to show G is σ-weakly closed. We claim that for any r > 0 we have

(F −M+) ∩M2r ⊂ G, G ∩Mr ⊂ (F −M+) ∩M2r,

where Mr := {x ∈ M : ∥x∥ ≤ r}. If these are true, then

G ∩Mr = (F −M+) ∩M2r ∩Mr

is σ-weakly closed and convex in M for all r > 0, so the Krein-Šmulian theorem proves 
that G is σ-weakly closed.

Let xi ∈ (F −M+) ∩M2r be a net such that xi → x σ-weakly in M and ∥xi∥ ≤ 2r
for all i. Take yi ∈ F such that xi ≤ yi for all i. For sufficiently small δ > 0 such that 
2r ≤ 2−1δ−

1
4 and δ ≤ 1, we have xi ≤ fδ(xi)+δ

1
2 ≤ fδ(yi)+δ

1
2 . By considering a cofinal 

ultrafilter on the index set of i, if we define yδ as the σ-weak ultralimit of fδ(yi) of this 
ultrafilter, then we have ∥yδ∥ ≤ δ−1 and x ≤ yδ + δ

1
2 , so x ∈ G.

Let x ∈ G ∩Mr. Take yδ ∈ F such that ∥yδ∥ ≤ δ−1 and x ≤ yδ + δ
1
2 for sufficiently 

small δ. If δ 1
2 < r, then x− δ

1
2 ∈ (F −M+)∩M2r σ-weakly converges to x as δ → 0, so 

x ∈ (F −M+) ∩M2r. This completes the proof. □
Theorem 3.2. Let M be a von Neumann algebra, and consider the dual pair (Msa

∗ ,Msa). 
If F∗ is a norm closed convex hereditary subset of M+

∗ , then F∗ = F r+r+
∗ . Equivalently, 

if ω′ ∈ M+
∗ \ F∗, then there is x ∈ M+ such that ω′(x) > 1 and ω(x) ≤ 1 for ω ∈ F∗.
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Proof. It is enough to prove (F∗ −M+∗ )+ ⊂ F∗, where the closure is for the weak topol
ogy or equivalently for the norm by the convexity of F∗ − M+

∗ , so we begin our proof 
by fixing ω ∈ (F∗ −M+∗ )+ and a sequence ωn ∈ F∗ −M+

∗ such that ωn → ω in norm of 
M∗. Take φn ∈ F∗ such that ωn ≤ φn for all n. We may assume ∥ωn − ω∥ ≤ 2−n for all 
n by passing to a subsequence. Define

ψ := ω +
∑︂
n 

[ωn − ω] +
∑︂
n 

2−n φn

1 + ∥φn∥

in M+
∗ , and let θ be the commutant Radon-Nikodym map associated to ψ. Since −ψ ≤

ωn ≤ ψ implies the boundedness ∥θ−1(ωn)∥ ≤ 1 for all n, the weak convergence ωn → ω

in M∗ implies the convergence θ−1(ωn) → θ−1(ω) in the weak operator topology of 
π(M)′. By the Mazur lemma, we can take a net ωi in the convex hull of ωn such that 
θ−1(ωi) → θ−1(ω) strongly in π(M)′, and the corresponding φi ∈ F ∗ can be defined 
such that ωi ≤ φi for all i. In fact, the net ωi can be taken to be a sequence because the 
commutant is σfinite by the existence of the separating vector, but it is not necessary 
in here. For each i and 0 < δ < 1, define

ωδ := θ(fδ(θ−1(ω))), ωi,δ := θ(fδ(θ−1(ωi))), φi,δ := θ(fδ(θ−1(φi))),

where the functional calculus fδ(θ−1(ωi)) is well-defined because −1 ≤ θ−1(ωi) for all i. 
Since fδ(θ−1(ωi)) → fδ(θ−1(ω)) strongly in the commutant by the strong continuity of 
fδ, we have ωi,δ → ωδ weakly in M∗ for each δ. Taking a cofinal ultrafilter on the index 
set of i, define φδ by the image of the σ-weak ultralimit of fδ(θ−1(φi)) in the commutant 
under the Radon-Nikodym map θ. Then, φi,δ → φδ weakly in M∗ for each δ. Since φi ∈
F ∗, the inequality 0 ≤ φi,δ ≤ φi implies φi,δ ∈ F∗, and the weak convergence φi,δ → φδ

in M∗ implies φδ ∈ F∗. Furthermore, ωi ≤ φi implies ωi,δ ≤ φi,δ and 0 ≤ ωδ ≤ φδ, so 
ωδ ∈ F∗. The weak convergence ωδ → ω in M∗ as δ → 0 finally implies ω ∈ F∗, so we 
get (F∗ −M+∗ )+ ⊂ F∗. □
Theorem 3.3. Let A be a C∗-algebra, and consider the dual pair (Asa, A∗sa). If F is 
a norm closed convex hereditary subset of A+, then F = F r+r+. Equivalently, if a′ ∈
A+ \ F , then there is ω ∈ A∗+ such that ω(a′) > 1 and ω(a) ≤ 1 for a ∈ F .

Proof. We directly prove the separation without invoking the arguments of positive 
bipolars. Denote by F ∗∗ the σ-weak closure of F in the universal von Neumann algebra 
A∗∗. We first show that F ∗∗ is hereditary subset of A∗∗+. Suppose 0 ≤ x ≤ y in A∗∗ and 
y ∈ F ∗∗. Then, there is z ∈ A∗∗ such that x 1

2 = zy
1
2 . Take bounded nets bi in F and 

ci in A such that bi → y and ci → z σ-strongly∗ in A∗∗ using the Kaplansky density 
theorem. We may assume the indices of these two nets are shared by considering the 
product directed set. Since both the multiplication and the involution of a von Neumann 
algebra on bounded parts are continuous in the σ-strong∗ topology, and since the square 
root on a positive bounded interval is strongly continuous, we have the σ-strong∗ limit
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x = y
1
2 z∗zy

1
2 = lim

i 
b

1
2
i c

∗
i cib

1
2
i ,

so we obtain x ∈ F ∗∗ from b
1
2
i c

∗
i cib

1
2
i ∈ F . Thus, F ∗∗ is hereditary in A∗∗+.

Let a′ ∈ A+ \ F . If a′ ∈ F ∗∗, then we have a net ai in F such that ai → a′ σ-weakly 
in A∗∗, which means that ai → a′ weakly in A, and by the weak closedness of F in A
we get a contradiction a′ ∈ F ∗∗ ∩A = F . It implies a′ ∈ A∗∗+ \F ∗∗, so by Theorem 3.1, 
there is ω ∈ A∗+ such that ω(a′) > 1 and ω(a) ≤ 1 for all a ∈ F ⊂ F ∗∗, and we are 
done. □
Theorem 3.4. Let A be a C∗-algebra, and consider the dual pair (A∗sa, Asa). If F ∗ is a 
weakly∗ closed convex hereditary subset of A∗+, then F ∗ = (F ∗)r+r+. Equivalently, if 
ω′ ∈ A∗+ \ F ∗, then there is a ∈ A+ such that ω′(a) > 1 and ω(a) ≤ 1 for ω ∈ F ∗.

Proof. As above, we will prove (F ∗ −A∗+)+ ⊂ F ∗. Define

G∗ :=

⎧⎪⎨
⎪⎩ω ∈ A∗sa :

there is ψ ∈ A∗+, and there is φδ ∈ F ∗

for any sufficiently small δ > 0, such that 
∥ψ∥ ≤ 1, ∥φδ∥ ≤ δ−1, and ω ≤ φδ + δ

1
2ψ

⎫⎪⎬
⎪⎭ .

It suffices to show F ∗ −A∗+ ⊂ G∗, G∗+ ⊂ F ∗, and G∗ ⊂ G∗.
Let ω ∈ F ∗ −A∗+. Take φ ∈ F ∗ such that ω ≤ φ. Define, for δ > 0,

ψ := [ω] 
1 + ∥ω∥ + φ 

(1 + ∥ω∥)(1 + ∥φ∥) , φδ := θ(fδ(θ−1(φ))),

where θ is the commutant Radon-Nikodym map associated to ψ. The norm conditions 
∥ψ∥ ≤ 1 and ∥φδ∥ ≤ δ−1 are easily checked. For sufficiently small δ > 0 such that 
∥θ−1(ω)∥ ≤ 1 + ∥ω∥ ≤ 2−1δ−

1
4 and δ ≤ 1, we have

θ−1(ω) ≤ fδ(θ−1(ω)) + δ
1
2 ≤ fδ(θ−1(φ)) + δ

1
2 ,

so ω ≤ φδ + δ
1
2ψ and ω ∈ G∗.

Let ω ∈ G∗+. Take ψ ∈ A∗+ and φδ ∈ F ∗ such that ∥ψ∥ ≤ 1, ∥φδ∥ ≤ δ−1, and 
ω ≤ φδ + δ

1
2ψ, for any sufficiently small δ > 0. Let ψδ := ω + δφ + ψ, and let θδ be the 

associated commutant Radon-Nikodym map. For any fixed δ′ > 0, since 0 ≤ θ−1
δ (ω) ≤ 1, 

we have

0 ≤ (1 + δ′)−1θ−1
δ (ω) ≤ fδ′(θ−1

δ (ω)) ≤ fδ′(θ−1
δ (φδ + δ

1
2ψ))

≤ fδ′(θ−1
δ (φδ) + δ

1
2 ) ≤ fδ′(θ−1

δ (φδ)) + δ
1
2 ,

and it implies 0 ≤ (1 + δ′)−1ω ≤ θδ(fδ′(θ−1
δ (φδ))) + δ

1
2ψδ. Since ∥ψδ∥ ≤ ∥ω∥ + 2 is 

bounded and θδ(fδ′(θ−1
δ (φδ))) ∈ F ∗ is also bounded for fixed δ′, by considering the limit 
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along a cofinal ultrafilter on the set of δ, we have (1 + δ′)−1ω ∈ F ∗, so δ′ → 0 gives 
ω ∈ F ∗.

To show G∗ is weakly∗ closed, we claim for any r > 0 that

(F ∗ −A∗+) ∩A∗
2r ⊂ G∗, G∗ ∩A∗

r ⊂ (F ∗ −A∗+) ∩A∗
2r,

where A∗
r := {ω ∈ A∗ : ∥ω∥ ≤ r}. If these are true, then

G∗ ∩A∗
r = (F ∗ −A∗+) ∩A∗

2r ∩A∗
r

is weakly∗ closed and convex in A∗ for all r > 0, so the Krein-Šmulian theorem shows 
that G∗ is weakly∗ closed.

Let ωi ∈ (F ∗ − A∗+) ∩ A∗
2r be a net such that ωi → ω weakly∗ in A∗. Following the 

proof of F ∗ − A∗+ ⊂ G∗, we can take in the same way ψi ∈ A∗+ and φi,δ ∈ F ∗ such 
that ∥ψi∥ ≤ 1, ∥φi,δ∥ ≤ δ−1, and ωi ≤ φi,δ + δ

1
2ψi, for uniformly sufficiently small δ

such that 1 + 2r ≤ 2−1δ−
1
4 because ∥ωi∥ is bounded by 2r. Since the three conditions 

are preserved by the weak∗ convergence, taking the limit along a cofinal ultrafilter on 
the index set of i, we can obtain limit points ψ and φδ so that ω ∈ G∗.

Let ω ∈ G∗ ∩ A∗
r . Take ψ ∈ A∗+ and φδ ∈ F ∗ with ∥ψ∥ ≤ 1, ∥φδ∥ ≤ δ−1, and 

ω ≤ φδ+δ
1
2ψ, for any sufficiently small δ > 0. If δ 1

2 < r, then ω−δ
1
2ψ ∈ (F ∗−A∗+)∩A∗

2r
converges to ω weakly∗ in A∗ as δ → 0, we have ω ∈ (F ∗ −A∗+) ∩A∗

2r. This completes 
the proof. □

Haagerup left in his paper [3] a comment without a proof that Theorem 3.4 is not 
difficult when a C∗-algebra is commutative. As a final remark, we give a direct proof of 
this.

Corollary 3.5. Let A be a commutative C∗-algebra, and consider the dual pair (A∗sa, Asa). 
If F ∗ is a weakly∗ closed convex hereditary subset of A∗+, then F ∗ = (F ∗)r+r+.

Proof. We first see that ω+ ≤ ω′
+ if ω ≤ ω′ in A∗sa. Consider the ramp functions t ↦→

t+ := max{0, t} and t ↦→ t− := max{0,−t} defined on t ∈ R. Let ω ∈ A∗sa and ψ ∈ A∗+

such that ω belongs to the image of the commutant Radon-Nikodym map θ associated to 
ψ. Let π : A → B(H) be the Gelfand-Naimark-Segal representation associated to ψ with 
the canonical cyclic vector Ω ∈ H. Let p ∈ π(A)′ be a projection such that |θ−1(ω)| =
θ−1(ω)p. Then, p ∈ π(A)′′ because π(A)′′ is a maximal commutative subalgebra of 
B(H) by Theorem III.1.2 in [4], or in a straightforward way because we can identify 
p ∈ π(A)′ with a bounded linear functional π(A)′′∗ → C : (x ↦→ ⟨xπ(a)Ω, π(b)Ω⟩) ↦→
⟨pπ(a)Ω, π(b)Ω⟩, where x ∈ π(A)′′ and a, b ∈ A. If we take a ∈ A such that ∥π(a)∥ ≤ 1
and |⟨θ−1(ω)(p−π(a))Ω,Ω⟩| < ε for arbitrarily chosen ε > 0 using the Kaplansky density, 
then the limit ε → 0 on

∥θ(θ−1(ω)+)∥ + ∥θ(θ−1(ω)−)∥ = ⟨|θ−1(ω)|Ω,Ω⟩ = ⟨θ−1(ω)pΩ,Ω⟩
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≤ |⟨θ−1(ω)π(a)Ω,Ω⟩| + ε ≤ ∥ω∥ + ε

shows that the positive part ω+ in the Jordan decomposition of ω is given by the 
functional calculus ω+ = θ(θ−1(ω)+) by the ramp function. Moreover, every monotone 
function can behave like an operator monotone function on a commutative C∗-algebra, 
so we can deduce ω+ ≤ ω′

+ if ω ≤ ω′ in A∗sa.
Now we prove the theorem. Define

G∗ :=
{︄
ω ∈ F ∗ −A∗+ : there is a bounded net ωi ∈ F ∗ −A∗+

such that ωi → ω weakly∗ in A∗

}︄
.

It suffices to show F ∗ − A∗+ ⊂ G∗, G∗+ ⊂ F ∗, and G∗ ⊂ G∗. We can easily check 
F ∗ −A∗+ ⊂ G∗ by considering constant sequences.

If ω ∈ G∗+, then there exist a bounded net ωi ∈ F ∗−A∗+ and a net φi ∈ F ∗ such that 
ωi ≤ φi for all i and ωi → ω weakly∗ in A∗ by definition of G∗. Since 0 ≤ ωi+ ≤ φi ∈ F ∗

implies ωi+ ∈ F ∗, and since the net ωi+ is bounded so that we may assume ωi+ → ω′

weakly∗ in A∗, we have 0 ≤ ω ≤ ω′ ∈ F ∗, whence ω ∈ F ∗.
To show G∗ is weakly∗ closed, take a bounded net ωi ∈ G∗ in the spirit of the Krein

Šmulian theorem such that ωi → ω weakly∗ in A∗. Then, for each i we have a bounded 
net ωij ∈ F ∗ − A∗+ and a net φij ∈ F ∗ such that ωij ≤ φij for all j and ωij → ωi

weakly∗ in A∗ by definition of G∗. Note that ωij ≤ φij implies 0 ≤ ωij+ ≤ φij ∈ F ∗, and 
ωij+ ∈ F ∗ is a bounded net for each i so that we may assume ωij+ → ω′

i weakly∗ in A∗

with ω′
i ∈ F ∗. Again, ωi ≤ ω′

i implies 0 ≤ ωi+ ≤ ω′
i ∈ F ∗, and ωi+ ∈ F ∗ is a bounded 

net so that we may assume ωi+ → ω′ weakly∗ in A∗ with ω′ ∈ F ∗. Then, ω ≤ ω′ ∈ F ∗

implies that ω ∈ F ∗ −A∗+ ⊂ G∗. □
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